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2. Realization1

In this section, the circuit implementation and the minimal state space realization

for the 2D discrete-time lattice-ladder �lters are presented. The 2D state space3

model that is used, is of the Roesser type with cyclic state space vector structure7;8:

_x(i; j) = Ax(i; j) + bu(i; j) ;

y(i; j) = c0x(i; j) + du(i; j) ;
(1)
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and where the dimensions of the matrices A, b, c0 are 2n � 2n, 2n � 1, 1 � 2n,

respectively. The required transformations for converting the cyclic 2D state space9

model to classical state space Roesser model7 and vice versa are given in Ref. 8.

Applying the 2D Z transform to Eq. (1), its corresponding 2D transfer function11

takes the following form:

H(z1; z2) = c0[Z � A]�1b + d ; (2)13

where

Z = diag [z1; z2; z1; z2; : : : ; z1; z2] :15

3. Circuit and State Space Realization

Extending the results of Gray{Markel6 for lattice-ladder discrete 1D �lters to 2D,17

the corresponding 2D ladder-lattice circuit realization is depicted in Fig. 1. The

new 2D section has minimal number of two delay elements, namely z�1

1 and z�1

2 .19

It is noted that the cascaded circuit implementation has minimal number of delay

elements (2n).21

In order to derive the state space matrices A, b, c0 and the scalar d for the state

space model (Eq. (1)), from the circuit representation given in Fig. 1, it is assumed

that the outputs of the delay elements z�1
1 , z�1

2 correspond to the states of the

model (Eq. (1)). Moreover, by writing one state equation for every delay element,

and after some algebraic manipulations, we can conclude that the matrices A, b,

c0 and the scalar d, of the state space model (Eq. (1)) are derived by inspection,



1st Reading
December 28, 2004 14:48 WSPC/123-JCSC 00177

On the Realization of 2D Lattic e-Ladder Discr ete Filters 3

Instructions for Typesetting Manuscripts

(1). Moreover, by writing one state equation for every delay element, and after
somealgebraic manipulations, we can conclude that the matrices A ; b; c0 and the
scalard, of the state spacemodel (1) are derived by inspection, having the following
structure:

Fig 1: Block diagram of the lattice{ladder discrete 2D �lter

A =

2

6
6
6
6
6
6
6
6
4

� � 1� 2 1 � � 2
2 � � � 0 0 0

� � 1� 3 � � 2� 3 1 � � 2
3 � � � 0 0

� � � � � �
. . .

. . . � � � 0

� � 1� 2n � 1 � � � � � � � � 2n � 2� 2n � 1
. . .

� � 1� 2n � � 2� 2n � � � � � 2n � 2� 2n � � 2n � 1� 2n 1 � � 2
2n

� � 1 � � 2 � � � � � 2n � 2 � � 2n � 1 � � 2n

3

7
7
7
7
7
7
7
7
5

b =

2

6
6
6
6
6
6
4

� 2

� 3

� � �
� 2n � 1

� 2n

1

3

7
7
7
7
7
7
5

c0 =
�

c1 c2 � � � c2n � 1 c2n
�

;

where

cj = ( 1 � � 2
j )Vj �

2n � 1X

i = j

� j � i +1 Vi +1 � � j V2n +1 ; j = 1 ; � � � ; 2n � 2:

c2n � 1 = ( 1 � � 2
2n � 1)V2n � 1 � � 2n � 1� 2n V2n � � 2n � 1V2n +1

c2n = ( 1 � � 2
2n )V2n � � 2n V2n +1

and

d =
2nX

i =1

� i Vi + V2n +1

The dimensionsof the matrices A ; b and c0 are 2n � 2n; 2n � 1; 1 � 2n, respec-
tiv ely. It is noted that the state spacematrix A has minimal dimension 2n � 2n,
resulting from the corresponding minimal circuit realization. � i ; i = 1 ; � � � ; 2n are
re
ection coe�cien ts. Stabilit y conditions require that the re
ection coe�cien ts
j� i j < 1 [9].

4. Example

For simplicit y consider the �rst order 2D lattice �lter, with n = 1. In this the
casethe corresponding state spacerealization takeson the form,

Fig. 1. Blo ck diagram of the lattice-ladder discrete 2D �lter.
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where

cj = (1 � � 2
j )Vj �

2n � 1X

i = j

� j � i +1 Vi +1 � � j V2n +1 ; j = 1; : : : ; 2n � 2 ;

c2n � 1 = (1 � � 2
2n � 1)V2n � 1 � � 2n � 1� 2n V2n � � 2n � 1V2n +1 ;
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